Restrictions other than rank conditions on elementary abelian subgroups are found for finite groups acting freely on (S")*, with trivial action on homology. It is shown that elements
Introduction. In this paper, we will describe some restrictions of the structure of finite groups G which act freely on spaces having the homotopy type IT*_i S". For the case of k = 1, it is well known that all abelian subgroups of G are cyclic, and this condition is sufficient to allow the construction of a finite CW-complex on which G acts freely. In [2] , it was proven that for k arbitrary, the elementary abelian 2-subgroups of G must have rank < k. However, for k > 1, more subtle restrictions than rank conditions are necessary. The following is known.
Theorem [5] . A4 does not act freely on S" X S", with trivial action on mod 2 homology.2
In this paper we apply the results of [2] to generalize this result considerably; thus, the main theorem, Theorem 4.4.
Theorem. Let G be a semidirect product Z/3 X T (Z/2 X Z/2) or Z/7 X T (Z/2 X Z/2 X Z/2), with nontrivial action. Then G does not act freely on a finite CW-complex X, X ~ Ely_, S", with trivial action on mod 2 homology, for any values of k and n.
For fixed values of n, we obtain stronger restrictions on G, in Theorem 3.5.
Theorem. Let G act freely on X, X ~ II*«! S", where X is finite, and acts trivially on H^(X; Z/2). Let x G NG(E) be an odd order element of order p, p prime, where NG denotes normalizer and E is an elementary abelian subgroup of G. Then, unless p\(n + 1), x is in the centralizer of E. Moreover, there is a function p: Z -> Z, such that x is in the centralizer unless 2**d)\(n + I), (p is nontrival, i.e. ju.(31) = 3.) Example. Suppose x G NG(E) has order 127, and acts nontrivially on E. Then
• 127|(« + 1).
These conditions superficially resemble the Milnor condition (see [4] ), for k = I. However, the Milnor condition is a restriction on groups acting freely on a manifold M, M sa S". Our conditions depend only on the 2-local homotopy type of the space X. Secondly, the Milnor condition depends on k; the group D6 will act freely on S" X S", but not on S". Our conditions are independent of k.
1. Preliminaries. Let T be a finite group of odd order, and let p: T -» GL"(Z/2) be an «-dimensional linear representation of T over the field k = Z/2. We define 2(r, p) by 2(r,P) = rx(z/2)", the semidirect product of T with (Z/2)". Recall that the Z/2-cohomology of (Z/2)" is given by ZZ*((Z/2)"; Z/2) =* (Z/2)[x" ..., *,] (d= ° Av the polynomial ring on n 1-dimensional generators xx, . . . , xn. Note that if T is a group of automorphisms of (Z/2)", then T acts on A^\ in fact, if M is the matrix describing the action of y G T on (Z/2)", then y acts on ZZ'((Z/2)"; Z/2) = k ■ xx + • • • + k ■ xn by the matrix A/', and the action extends to the rest of At by multiplicativity.
Proposition
1. Let T be an odd order group, p: T->GLn(k) a representation as above. Then ZZ*(2(r, p); A:) = A^, the ring of invariants under the action ofT on At.
Proof. Consider the Hochschild-Serre spectral sequence for the group extension (z/2y-+2(T,p)-r. E£q = 0 for/» =£ 0 and E^ = A*; hence the result. □ Recall that since H*(G; k) is the cohomology ring of the space BG for any group G, it is an algebra over the mod 2 Steenrod algebra (2(2). In particular, An is such an algebra, and the action of &(2) on^, is determined by the Cartan formula and the requirements Sq'x-= xj, Sq'xj = 0 for / > 1.
We recall the inductive definition of the Milnor primitives Q¡ by
Conventionally, as in [1] , we define a derivation Q0 on A ", by Q0x¡ = x¡, and the requirement that Q0 be a derivation. We remark that under left multiplication of elements of A,, the derivations of Am to itself become a graded /l"-module.
Proposition 2 (see [1] ). (a) Q¡ is a derivation ofAt. Finally, we recall some results from [2] . Let G denote a finite group acting freely on a finite Clf-complex X, where X ä LT*=, S" so that the action of G on H*(X; k) is trivial. Let y, G H"(X) denote the dual to the fundamental class of the jth sphere. Consider the Serre spectral sequence for the fibration X ^ EGX X ^ BG G where EG denotes a contractible space on which G acts freely. Define fj G Hn+x(BG;k) = H"+x(G;k) to be dn+x(yf) in the above spectral sequence.
5 [2] . The ideal in H*(G;k) generated by the fjs is 6B(2)-invariant.
Let C, denote a graded A:-algebra, and let {9X, . . . , 9k) G C" be a collection of homogeneous elements in Ct. Definition 6. We say [9X, . . . ,9k) is a homogeneous system of parameters (h.s.o.p.)for C" // C+ is a finitely generated module over the subalgebra generated by the 9Js.
Remark. This terminology is nonstandard in that the usual definition would require the set {9X, . . . ,9k) to be algebraically independent.
Theorem 7 [2] . If G = (Z/2)", and X and the fjs are as above, then the fjs form an h.s.o.p.for A, = H*((Z/2)n;k). Proof. A " is finitely generated as an A "-module. □ 2. Invariant theory for odd order cyclic groups. We wish to study groups of the type 2(Z/«Z; p), where p is a faithful, irreducible representation of Z/nZ over k, n odd. The following four propositions are standard results in the representation theory of finite groups. We omit the proofs and refer the reader to [8] . We describe the faithful, irreducible representations of Z/nZ over k. Let k(Çn) denote the field obtained from k by adjoining the nth roots of unity, and let dn = [k(¡¡"): k]. Let It is also useful to consider the faithful, irreducible ¿.'-representations of Z/nZ, where k denotes the algebraic closure of k. Given a ^-representation (V, p), one may form a /c-representation (V ®k k, p <S> id), which we write ( V, p). We describe ( V, p), where V = k(Çn), and p is an injection p: Z/nZ-> Tn. Recall that the Frobenius map y(x) = x2 topologically generates G(k\k), and hence y generates G(k\k), where A is any finite extension of
This is independent of i, since any two choices of i are conjugate under G(k\k).
Thus, an irreducible /c-representation amounts to a choice of primitive nth roots of unity £; the representation ( V, ¡5) is then defined by v = k\ -p(T)(xx, ...,x<) = r>" s 2x2,..., ***"%). Thus, a0 belongs to the fixed field of y^, which is /c(£"). Applying the formula of the theorem to elements of this type, we obtain
sq'[ 2 «Vil = 2 «"'x2 = 2 «^V+i = ( 2 «y*,+.I.
where we interpret ^ + ,asX|. Proof. The map x -* x2 from As to A2S is /c-linear and an injection. Hence 77 is uniquely determined. If 9 G B2S, then 9 is a sum Sa(f .,e)x\x ' ' ' xj<, where the /-tuples (ex, . . . , ej) range over all solutions to the equation 2 2'"'e, = 0 (mod ri), and n = 3 or 7, / = 2 or 3. 9 is a square in ,4^ if and only if each e, is even, say ej = 2/:.. Thus, t, = 2Vfl(ei, Proof. We first point out that Ait = k[xx, . . . , xj]is free as an /l2-module, with basis consisting of all monomials xx< ■ ■ ■ xf>, with d}r = 0 or 1. Given a monomial p in the above basis, let it denote the projection on the pth factor in the A \ module A^. m is yl2-linear. If we have an expression £ = 2 X¡9¡, as in the theorem, we apply ir, to the expression to obtain -nx(ij) = 2 w,(A,)0.. Since £ is a square, 7T,(|) = I, and irx(X¡) E A\, so we may suppose that the Xjs are squares.
Let {x,} be a complete set of irreducible characters of Z/nZ over k. Let p¡ denote the projection on the x,-isotypical component (see [6] ). The pjs are 5"-linear, and moreover p¡(A\) Ç A%. If £ = 2 Xfit, with |, 9X, . . ., 9S G Zi2, and X, G A2,, by applyingp0, if x0 is the trivial character, we obtainp0(£) = 2/>o(X,)#,, and Po(£) = £> since £ G Z?", so | = 2 p0(\)9¡-Setting X'¡ = />0(X,), we obtain the theorem, since A,' G A\ n ß* = ß2, by Proposition 2. □ Theorem 4. 77icrc doey «0/ ex/'s/ a free G-action on II*-1 5", w/'/A trivial action on homology, for G = A4or 2(Z/7Z, p).
Proof. According to Proposition 1.5 and Theorem 1.7, it suffices to prove that H*(G; k) admits no é£(2)-invariant system of parameters {9X, . . . , 9S) with dim(0,) = dim(92) = ■ ■ ■ = dim^) = n + 1. Proposition 1 and Proposition 2 guarantee that each 9¡ is a square in Bt, say 9¡ = f,. We claim that the ideal (f, 
